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The Eisenstein ideal for a Fermat curve, defined by Mazur to be the 
endomorphisms of the jacobian which annihilate the cuspidal group, is computed 
for the curve of degree 5. .e’ 1992 Academic Press, Inc. 
1. INTRODUCTION 
In [3], Mazur offers an analogue of the Eisenstein ideal of modular cur- 
ves in the setting of Fermat curves. He suggests that it be “the annihilator, 
in the endomorphism ring, of the group generated by the cuspidal divisors 
in the jacobian of the curve” and that it may have interesting arithmetical 
consequences. The cuspidal group of a Fermat jacobian was determined by 
Rohrlich in [4] and he also finds all endomorphisms in a known com- 
mutative subalgebra which annihilate the cuspidal group, the difficulty 
being that the full endomorphism ring of a Fermat jacobian in general is 
not known. With the determination of the endomorphism ring of the 
degree 5 Fermat curve in [2], we compute both the Eisenstein ideal and 
the action of the endomorphism ring on the cuspidal divisors. 
2. ENDOMORPHISMS AND THE CUSPIDAL SUBGROUP 
Let [ = exp(2rci/5), F, the curve X5 + Y5 + Z5 = 0, and J5 its Jacobian. 
The automorphism group G = Aut( F,) of F, is generated by the following: 
0: (X: Y: Z) + (&kc: Y: Z), 5: (x: Y: z) -+ (x: ,yY: z), 
I:(x: Y:Z)+(Y:X:Z), p: (X: Y: Z) + (Z: x: Y). 
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The canonical injection G 4 Aut(J,) extends by Q-linearity to @: Q[G] + 
Endo( where EndO = End(J,) @ Cl!. 
For a positive integer k, we let Ik(t) be the polynomial c/“=. (L) tiE 
Z[t]. We know that the restriction of @ to Q[a, T, p] is surjective and that 
End(J,) = @(Z[a, r, p, W]), where 
The details are in [2]. Let V=~Zl(~)Z,(~)(p-l)~Q[~,~,p]. Then we 
have from [2], 
PROPOSITION 2.1. Let B = @(Z[a, z, p] ). Then 
End(J,) = B + Z@(W) + Z@( Wp*) + Z@(V) + Z@( VP). 
Remark. In End(J,) polynomials in D, T can be reduced to terms u'T~, 
0 < i < 3,0 <j < 2 by the relations 
T3 = U + UT + U*T + UT* + U*T* + U3T2, 
1+a+a2+03+a4=0. 
Let E = exp(xi/5) and let uj = (0: [ j: -l), b,=([‘:O: -l), c,=($: 1~0). 
We denote the (cuspidal) subgroup of J(0) supported on the set of points 
at infinity on F, by Z,. 
Let 
a=a,-cc,, P = b, - co, 
uj = a, - aj, pj = 6, - bj, yj = co - cj (OdjG4). 
From [4], we know that Z, is spanned over [F, by 
and the following relations hold in ,Z5: 
4 4 4 
4 4 
C Auj+Bj)= C i(fij+Yj)= C 
j=l j=l 
4 Jy(zj+fij+j.i)=o. 
,= I 
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‘~,=2a,+48,+4P3+2y,+2~2+35’3. 
u(z = 4a, + 4p, + 4B3 + ;‘, + 31’2 + 1’, 
/3,=/32+3p3+4i’1+j’2+3;13, 
and Z, is an IFS-vector space with {a, /3, a3, pz, Bj, Y,, y2, y3). as a basis. 
3. ACTION OF End(J,) ON Z, 
In this section we use the rational representation of End(J,) to deter- 
mine its action on Z,. We first recall some results from [S]. A basis for the 
space of holomorphic differentials of F, is given by 
0 ..=(-l)‘+‘~l.~‘~I~.r~I~, for 1 < r, s, r + s < 5. 
Generators for H,(F,, Z) are given by the twelve paths Y~,~= 
o’rk(l-~)(l-r)y, O<j<3,O<k,<2, where ~(r)=(t’:~:(l-t)‘.‘5: -1). 
We fix a basis of the period lattice LI, (ljll<i<12j where Ai= 
(JY,.,.k~r,s)r,s. (We are ordering the coordinates (resp. basis vectors) lexico- 
graphically with s (resp. k) increasing first.) The periods are thus given by 
An immediate consequence of this is an explicit description of the 
rational representation r: End(J,) + M( 12, h) with respect to the above 
basis. Our convention will be that action of endomorphisms correspond to 
left multiplication of matrices. 
PROPOSITION 3.1. The rational representation of End(Jj) is given by: 
r(a) = 
I 0 0 0 0 0 0 0 0 O-l O O\ 
0 0 0 0 0 0 0 0 0 O-l 0 
0 0 0 0 0 0 0 0 0 0 O-l 
1 0 0 0 0 0 0 0 O-l 0 0 
0 1 0 0 0 0 0 0 0 O-l 0 
0 0 1 0 0 0 0 0 0 0 O-l 
0 0 0 1 0 0 0 0 o-1 0 0 
0 0 0 0 1 0 0 0 0 O-l 0 
000001 0 0 0 0 o-1 
0000001 0 O-l 0 0 
0 0 0 0 0 0 0 1 0 o-1 0 
0 0 0 0 0 0 0 0 1 0 O-l / 
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r(t) = 
r(P) = 
r(W)= 
481/153:2-13 
IO 0 0 0 0 0 0 0 0 0 
1 0 0 0 0 0 0 o-1 0 
0 1 0 0 o-1 0 0 0 0 
0 0 1 0 0 0 0 0 0 0 
0 0 1 1 0 0 0 o-1 0 
0 0 1 0 l-l 0 o-1 0 
000001 0 0 0 0 
0 0 1 0 0 1 1 o-1 0 
0 0 1 0 0 0 0 l-l 0 
0000000010 
\ 
000001 0 0 0 1 
0 0 1 0 0 0 0 0 0 0 
0 -1 
0 0 \ 
0 0 
0 -1 
0 -1 
0 0 
0 -1 
0 -1 
0 -1 
0 -1 
0 -1 
1 -l/ 
/ 0 0 0 1 0 0 o-1 o-1 1 0 
0 0 0 1 0 0 0 0 0 0 o-1 \ 
-1 0 0 1 0 0 0 0 0 0 0 0 
000000 1 -1 o-1 1 0 
0 0 0 1 0 0 o-1 0 0 1 -1 
-1 0 0 1 0 0 0 0 0 0 o-1 
0 0 1 0 0 0 1 -1 0 -1 1 0 
000001 l-l 0 0 1 -1 
-1 0 0 1 0 0 o-1 1 0 1 -1 
0 0 0 0 0 0 1 -1 o-1 0 1 
\-y l 
0 0 0 0 1 -1 0 0 0 0 
0 0 0 1 0 1 -1 0 0 0 0 I 
I 
-3 3 -3 1 0 0 0 0 0 3-l 0 
-1-4 1 3 1 o-2 1 0 0 2-3 \ 
-4 -1 0 5 2 0 -1 -1 0 0 o-2 
-3 2 -2 -3 3 1 3 -2 0 3 0 -2 
0 -4 -3 -2 2 5 1 -1 0 3 4-3 
-2 -4 -2 1 3 2 1 0 0 0 1 -2 
0 3 -2 -4 0 0 1 1 0 4-l 0 
1 -1 -3 -3 -1 4 l-2 0 3 5 -2 
-2-l-4 0 1 3 l-l 0 3 2-2 
-2 3 0 -3 l-l -1 1 0 3 1 0 
\ 
2 0 -1 -4 -2 1 0 0 o-1 4 2 
-1 -1 -1 -1 0 0 1 -1 0 -1 3 -1 I 
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Proof: The expressions for 0, T, p follow from their action on paths in 
F,. The expression for W follows by expressing it as a polynomial in 
a, 5, P. 1 
We now identify the basis for Z, as division points of LL 
PROPOSITION 3.2. As Sdivision points of the lattice A, the basis of Z, is 
given by: 
ProoJ: We prove the expression for ~1. The others are dealt with 
similarly. Now a = a, - c0 = (0 : 1 : -1)-(~:l:O).Apathfromc,toa,is 
y:t+(-&(1--)‘:5:1: - tlt5) and the integral 1, o,,, = -$B(r/5, 
(5 - r - s)/5). Using the identity 
B(r/5, (5 -r-s/5) sin( 7cs/5 ) 
WI% s/5) = sin(z(r + s)/5)’ 
the equation CI = Ci cilZir ci E ii?, reduces to an equation in Q(c): 
sin( 7Es/5 ) 
0 
-cl sin(z(r + s)/5) 
=Cdj,k(l-jr)(l-js)~~+sk, 
j,k 
which is then readily solved. 1 
We can now prove the main result of this section. 
THEOREM 3.3. Z5 is stable under the action of End(J,). 
Proof: L’S is clearly stable under the action of 0, T, p. Consider the 
lF,-subspace of $l//i generated by the basis {a, . . . . y3} together with its 
image under W. Gaussian elimination shows that this subspace has 
dimension 8. 1 
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COROLLARY 3.4. Under the homomorphism End(J,) + End(C,) = 
M(8, IF,), the images of g, 5, p, and W are given as follows: 
44000000 ‘3 0 0 0 0 0 0 0 
10000000 33000000 
11000241 14223241 
00100204 04411204 
P= 
i 
:00000204 
) w= 
23034131 
00004202 23313042 
04043002 22434021 
00004103 ,3 3 2 1 3 2 3 3 
ProoJ: The matrices for 0, T, p follow from their action on cuspidal 
divisors. Since W stabilises Z,, for each basis element 6 we solve 
Wb=c,a+ ... + c,y, (mod A) using the rational representation. 1 
Finally, an interesting application of the rational representation is to 
the divisor v=(q :q-l : -l)+(q-‘:I]: -1)-(-l :1:0)-(-l: 1 :O) 
where 9 = exp(2rri/6). This divisor was studied by Gross and Rohrlich in 
[ 1 ] where they show that it is a Sdivision point. In fact 
THEOREM 3.5. The Gross-Rohrlich divisor v lies in Z,. It is linearly 
equivalent to -a - fl+ 3y,. 
ProoJ: It suffices to prove the result for v’ = Q + Q where 
Q=(rp-‘: -1)-(-l-‘: 1 :O), Q=(‘I-‘:q, -1)-(-i: 1 :O). 
We use the path t + (--c-l (1 -q’t)“’ : 1 : --r]t’15) and its conjugate to 
compute the images of Q and Q, respectively, in C6/A. This gives 
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where B(z, CI, /?) is the incomplete beta function SX t”- ‘(1 - t)“- ’ dr. 
Equating v’ = C ciLi, ci E $Z, we get 
v’= (0, - f, -$, 5, 0, +, 4, f, 0, 0, 0, 0). 
To justify this we observe that 
w-‘+ F 
=\ 5-r-s 21-- ( 
5-r 5-r-s 10-r-s 
5’ 5 ’ 5 iv5 9 > 
where *F, is the hypergeometric function and the Gross-Rohrlich divisor 
is 
We need to show that (t,,,+ tr,,)/B(r/5, s/5) is the appropriate linear 
combination of (1 - c’)( 1 - 5”) [ rJ’“k/5, 0 <j < 3, 0 < k < 2. We illustrate 
this for (r, S) = (1, 3). Using the transformation formule [6] 
T(c) f(c-a-b) 
=qc-u)T(c-b) ,F,(a,b;u+b-c+l;l-z) 
+ (1 - z)c-u-b 
T(c)T(u+b-c) 
G) T(b) 
x,F,(c-u,c-b;c-a-b+l;l-z), 
we obtain 
Cl.3 + Cl.3 1 r(l/5) r(4/5) 
B(1/5,3/5) =3I-(315) IJ2/5)’ 
Expressing the Gross-Rohrlich divisor in the basis for Z, we get 
--CL - /? + yI + y2 + y3 whence the expression for v follows. 1 
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4. THE EISENSTEIIN IDEAL 
In this section we compute the Eisenstein ideal 9. The portion of this 
ideal that arises from the image of Z[o, r] was calculated in [4]. 
Since 5 End(J,) E 9, we have the commutative diagram 
o- 9 - End(Jd - End(Z,) 
I I 1 
0 - 9/5 End(J,) - End(J,)/5 End(J,) - End W5 h 
in which the rows are exact. 
From Section 2 we know a Z-spanning set for End(J,). By elimination, 
we produce a Z-basis for End(J,). In fact, if we replace 1, p, T and rp in 
the set (airjpkIO<i<3, O<j<2, O<k<2} by 
u1= (1, 0, 4, 0, 0, 0, 4, 0, 1, 4, 4, 2, 1, 2, 2, 0, 4, 1, 4, 2, 4, 3, 1, 1, 3, 
2, 0, 1, 4, 0, 1, 2, 2, 3, 4, 3)/5, 
u2 = (0, 1, 4, 0, 0, 0, 0, 4, 1, 1, 3, 1, 3, 3, 4, 1, 4, 0, 3, 1, 1, 4, 4, 2, 3, 
0, 2, 1, 0, 4, 3, 3, 4, 1, 2, 2)/5, 
V) = (0, 0, 0, 1, 0, 4, 4, 0, 1, 1, 2, 2, 0, 1, 4, 4, 2, 4, 3, 1, 1, 2, 3, 0, 0, 
1, 4, 1, 2, 2, 2, 1, 2, 2, 2, 1)/5, 
v4= (0, 0, 0, 0, 1, 4, 0, 4, 1, 3, 3, 4,4, LO, 3, 1, 1, 4, 4, 2, 2, 0, 3, 4, 
1, 0, 3, 3, 4, 4, 3, 3, 3, 4, 3)/5, 
where (4k.A ~H0~i~3,0Cj~2,0Ck~2 (the convention is that k increases first, 
then j, and finally i) represents C c( i, j, k) airipk E EndO( we obtain a 
Z-basis for End(JS). The representations in End (Z,) of these four 
endomorphisms are given by the following matrices: 
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v3 = 
‘14000000 32000000 
24000000 02000000 
03341000 33414241 
21030021 00201110 
2 4 012 0 2 40210233' 
30400331 21144320 
03314203 03214120 
11423023 14240103 i 
LEMMA 4.1. X/5 End(J,) has dimension 14 over IF,. 
Proof: We use the basis B = {piI 1 < is 36) for End(J,) preceding this 
Lemma. Consider p = XT:, aipi E End (J5) such that p annihilates Z:,. By 
Gauss-Jordan elimination modulo 5, we obtain certain relations between 
the a,‘~ modulo 5 which show that $/5 End(J,) has the asserted imension 
over IF,. 1 
Remark. The images of the endomorphisms found by Rohrlich in [4] 
generate a 4 dimensional IF,-subspace in f/5 End(J,). 
THEOREM 4.2. The Eisenstein ideal 9 is the two-sided ideal of End(J,) 
generated by 5 End(J,), Z[a, r] n 9, and 
O=(T-T2 -2O- 2OT-fJT2)(1 +p+p') 
Proof: As mentioned above the subspace of 915 End(J,) found by 
Rohrlich has dimension 4. By multiplying on the right by p, p2, vi, we can 
generate a subspace of dimension 10. Adding to this 0~0, 0 < i < 3, we get 
a 14 dimensional space. The result now follows from Lemma 4.1. 1 
We end this paper with the remark that there is a unique one-dimen- 
sional F,-subspace Q of Z, which is stable under the action of End(J,). It 
might be interesting to compare 8 with the cuspidal subgroup C of J,(N) 
(N a prime) which is generated by c = (0) - (cc ). End (J,(N)) is generated 
by the Hecke operators T, (I# IV, f prime) and the Atkin-Lehner 
involution w, and acts on C as follows: 
T,(c) = (1 + I) c for all primes I# N, w(c)= -c. 
PROPOSITION 4.3. There is a unique cyclic subspace D of Z, stable under 
the action of End (J,), and Q is generated by 4y, + y2 + 3y,. 
Proof: Consider the representation of End(J,) in M(8, IF,). W has three 
eigenvectors of which only 4y, + yz + 3y, is also a common eigenvector of 
g, T, P. I 
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